ON UNIPOTENT SUPPORTS OF REDUCTIVE GROUPS WITH A 
DISCONNECTED CENTRE 



JAY TAYLOR 

Abstract. Let G be a simple algebraic group defined over a finite field of good characteris- 
tic, with associated Frobenius endomorphism F. In this article we extend an observation of 
Lusztig, (which gives a numerical relationship between an ordinary character of G'^ and its 
unipotent support), to the case where Z(G) is disconnected. We then use this observation 
in some applications to the ordinary character theory of G^. 



Throughout this article G will be a connected reductive algebraic group over Fp, an 
algebraic closure of the finite field Fp, where p is a good prime for G. Furthermore, we 
assume G is defined over F^ C Fp (where q is a power of a p) and F : G — ?• G is the 
associated Frobenius endomorphism. We denote the resulting finite reductive group by 
G := G^. 

1. Introduction 

One of the major open problems in the representation theory of finite groups is the 
determination of the full complex character table of G. Arguably one of the most difficult 
parts in computing the character table of G comes from determining the character values 
at unipotent elements. To handle this problem Lusztig has developed a geometric theory 
of character sheaves, which gives the framework to express links between the geometry 
of G and the character theory of G. 

Let Irr(G) denote the set of complex irreducible characters of G. In [Lus92] Lusztig has 
associated to every ;^ G Irr(G) a unique F-stable unipotent class of G called the unipotent 
support of X/ which we denote by O^. This was originally done under the assumption that 
p and q are sufficiently large, however the assumptions on p and q were later removed in 
[GMOO]. A consequence of the existence of unipotent supports is that we have a surjective 
map 

: Irr(G) — > {F-stable unipotent conjugacy classes of G} 

given by ^gU) ■= O^. 

Recall that Lusztig has shown for each x ^ Irr(G) there is a well defined integer n^ 
such that n^ ■ xi'^) is a polynomial in q with integer coefficients. If x G G then we write 
Aq{x) for the component group Cg{x) /Cq{x)° . The following result was observed by 
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Lusztig in [Lus84b, 13.4.4] and later verified by Lusztig and Hezard through a detailed 
case by case analysis, (see [Lus09] and [Hez04]). 

Theorem 1.1 (Lusztig, Hezard). Assume G/Z(G) is simple, Z(G) is connected and O is an 
F-stable unipotent class of G. There exists a character x € Irr(G) such that <E>g(x) = ^ ^^^d 

% = I^g(") I for my u E o. 

The usefulness of characters satisfying this technical condition can be seen in Kawanaka's 
theory of generalised Gelfand-Graev representations (GGGRs). In particular, if x satisfies 
this technical condition then it severly limits the appearance of ;\; as a constituent of the 
character of a GGGR associated to a unipotent element in O^. 

The main result of this article is an extension of Theorem 1.1 to include all simple 
groups, see Theorem 3.1. The layout of this paper is as follows. In Section 2 we will 
show there exist class representatives of each f-stable unipotent class such that a sensible 
generalisation of Theorem 1.1 can be made, (we call such representatives well chosen). 
In Section 3 we will state and prove our main result. Using this result we prove in 
Sections 4 to 6, (under the assumption p and q are large), that a conjecture of Kawanaka 
on unipotently supported class functions holds for simple groups which are not spin / 
half-spin groups. This is based on the work of Geek and Hezard in [GH08] which uses 
Theorem 1.1. Finally, in Sections 7 and 8 we give an expression of a certain fourth root of 
unity that is associated to GGGRs when G is a special orthogonal or symplectic group. 
This is based on an argument used by Geek in [Gec99] which uses Theorem 1.1. 

2. Component Groups 

For the remainder of this article, unless otherwise stated, we will assume G is simple. 
We fix a regular embedding / : G ^ G, (as defined in [Lus88, §7]), where G is a connected 
reductive group such that Z(G) is connected. We now fix a dual group of G, (resp. G), 
which we denote by G*, (resp. G*) and a Frobenius endomorphism f * : G* — G* 
such that the pairs (G,f) and (G*,F*) are in duality. Similarly we denote again by F 
and F* compatible Frobenius endomorphisms of G and G*. Recall that / determines a 
corresponding surjective morphism S : G* — > G* between dual groups, which is defined 
over F(j. For smoothness of the exposition if Z(G) is connected then we will take G to be 
G and i to be such that L{g) = g for all g E G. 

The embedding i defines a bijection between the unipotent conjugacy classes of G 
and the corresponding classes in G. If w is a imipotent element of G then we define 
M := i{u) G G. The purpose of this section is to show that in a simple algebraic group 
we can always pick representatives of an f-stable unipotent class such that they are well 
chosen. By this we mean the following. 

Definition 2.1. Let O be an f-stable unipotent class of G. We say a class representative 
u G is well chosen if |Ag(m)^| = |Z^| |Aq(m) |, where Z^ is the image of Z(G) in Aq{u). 

We will start by showing that well-chosen class representatives always exist when G is 
adjoint. 
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Lemma 2.2. Let G be a connected reductive algebraic group and C an F-stable conjugacy class of 
G such that Aq{x) is abelianfor some x G C^. Then the following are equivalent: 

(1) the number of G-conjugacy classes contained in is \Aq{x)\, 

(2) Ag{xV = Ag{x), 

(3) Acix'y = Ag{x') for all x' e C. 

Proof. By [Gec03, Theorem 4.3.5] we know the G-classes contained in are in bijective 
correspondence with the f -conjugacy classes of Aq {x) . Therefore the number of G-classes 
contained in is the same as |Ag(ac)| if and only if every F-conjugacy class of Ag{x) 
contains only one element. As Ag{x) is abelian this proves the equivalence of the first two 
statements. If 1 is true for x G then it is true for all x G as |Ag(3:) | is independent 
of the choice of x. Therefore this together with the equivalence of 1 and 2 gives the 
equivalence of 1 and 3. □ 

Lemma 2.3. Let Gbe a connected reductive algebraic group and C an F-stable conjugacy class of 
G. If the automorphism of Ag{x) induced by F,for some x G C^, is an inner automorphism then 
there exists x! G such that Aq,{x!Y = Aq{x'). 

Proof. Assume there exists an element y G Cq{x) such that for all zCg{x)° g Aq{x) we 
have F{zCq{x)°) = y^^zyCQ{x)° . As y G G, by the Lang-Steinberg theorem, there exists 
^ G G such that y = g-^F{g) => F{g) = gy. Clearly Ag{Sx) = sAg(x) so gzCcixYg-^ G 
Aci^x). Furthermore we have 

FigzCcixTg-') ^ gy{y-hy)CG{xry-'g-' = gzCG{xrg-\ 

so F acts trivially on Ag{Sx). Taking x' = G we have Ag{x'Y = Ag(x') as required. 
Note x' is fixed by F because y G Cg(x). □ 

Proposition 2.4. Let G be a connected reductive algebraic group with connected centre such that 
G/Z(G) is simple, then for any F-stable unipotent class O C G we have Aq{uY = Aq{u) for 
some unipotent element u G O^. 

Proof. The natural surjective morphism of algebraic groups n : G G/Z(G) induces a 
bijection between the unipotent classes of G and G/Z(G). IfuGGis imipotent then 
the restriction of n to Cg(m) induces an isomorphism Ag{u) = Aq/z(q-j{tc{u)), which 
is defined over F^. Therefore we may prove this result using any group G which has a 
connected centre and simple quotient G/Z(G). 

The structure of the component groups Aq{u) have been determined on a case by case 
basis. In the case where G is an adjoint exceptional group it is known that Ag{u) is either 
trivial or isomorphic to a symmetric group 62, 63, ©4 or 65, (see for example the tables 
in [Car93, §13.1]). Every automorphism of such a group is an inner automorphism, so the 
result holds by Lemma 2.3. 

We now turn to the classical groups. The case of type A„ is trivial as all component 
groups are trivial. Assume G is either a symplectic or special orthogonal group and 
O C G is an F-stable unipotent class with representative u G O^. The component group 
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Aq(m) is an elementary abelian 2-group whose order is given in [SS70, IV - 2.26 and 2.27]. 
By inspecting the descriptions of |Aq(m)| we see by [Wal63, p. 38], (resp. [Wal63, p. 42]), 
for the symplectic groups, (resp. special orthogonal groups), that the number of G-classes 
contained in is the same as |Aq(m)|. Note the statement given in [Wal63] is for the 
orthogonal groups but the maximal number of G-classes contained in is \Aq{u) | and 
there can only be less classes in the orthogonal group so this suffices. As Aq{u) is abelian 
we have Aq(m)^ = AQ{u)hy Lemma 2.2. The odd dimensional special orthogonal groups 
are adjoint groups of type B„, so this case is covered. 

Let G be an adjoint group of type C„ or D„ then there exists a symplectic or special 
orthogonal group G such that we have an isogeny tt : G ^ G which is defined over F^. 
Let M be a unipotent element of G and set m := tc{u). The restriction of tt to Cg (m) induces 
a surjective morphism Aq{u) — )■ Aq{u) defined over Fq, therefore Aq(m)^ = Aq{u) 
implies Ag(m)^ = Aq(u) so we're done. □ 

Remark 2.5. The statement of Proposition 2.4 is not a new result. It follows in most cases 
from a much stronger statement concerning the existence of so called split elements, see 
[Sho87, Remark 5.1]. However, we include this here as it gives a simpler argument for 
this statement and also circumvents the caveat that split elements do not always exist in 
type Es. 

We want to discuss how to relate the component group Ag(w) to the component group 
Aq{u), (for this we follow [Gec96, p. 306]). The group G is an almost direct product 
G = GZ(G) so we get an almost direct product Cq(m) = Cg(m)Z(G) and the restriction 
of L to the centraliser Cg(m) induces a surjective map Aq{u) Aq{u). It is easy to see 
that the kernel of this map is the image of Z(G) in Aq{u) so we obtain a sequence of 
maps 

Z(G) ^ Ag{u) ^ Aciu), (2.1) 
which is exact at Aq{u). As all morphisms are defined over F^ this induces a sequence 

Z(G)^ ^ AciuY ^ A^iu), (2.2) 

which is again exact at Ag(m)^/ (where here we assume u is chosen such that Aq(m)^ = 
Aq{u)). Although the map Ag(m) Aq(u) in (2.1) is surjective it is not necessarily the 
case that the map Ag(m)^ ^ci^) ^ (2-2) is surjective. If we can show that this is the 
case then the existence of well-chosen elements will be assured. 

There are two cases where this is trivial to show. If |Aq(m)| = 1 then it is obvious 
that such a map is surjective. The second case is when |Ag(m)| = |Aq(u)| because 
then we must have Ag{u) = Aq{u), which implies Ag(w)^ = Aq(m)^. In fact we are 
almost always in the situation of these two trivial cases, (see for example the information 
gathered in [Tayl2, Chapter 2]). We deal with the remaining cases in exceptional groups 
in two lemmas. In the following lemmas we label the imipotent conjugacy classes as in 
[Car93, §13.1]. 
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Lemma 2.6. Let G be the simply connected group of type Eg and O the unipotent class £6(03). 
For any u E we have Aq{uY = •Ag(m) (ind Ag(w)^ — )■ Aq(m) is surjective. 

Proof. We see that Aq{u) is isomorphic to Z3 x Z2, as it is a finite group of order 6 with 
a non-trivial centre. The group Aq(u) is abelian and Aq(m)^ = Aq(m) by Proposition 
2.4 and Lemma 2.2. Let Z(G) = (z) and x G Ag(m) be the element of order 2 such that 
^g(w) = (z,x). As the action of F on Aq{u) is trivial we must have F{x) E {x,xz,xz^}. 
However the element x is of order 2 but xz and xz^ are of order 6, so F{x) = x. □ 

Lemma 2.7. Lei G foe i//e simply connected group of type E7 and O the unipotent class 04(01) + 
Ai, £7(^3), £7(04) or E7(fl5). Then for some u e we have A^{uY = A^{u) and Aq{uY — ?■ 
Aq{u) is surjective. 

Proof. Let u G be an element such that its image u G has the property Aq{uY = 
Aq{U), which is possible because of Proposition 2.4. We use the work of Mizuno [Miz80] 
to confirm that F only acts non-trivially on Z„. By 

(1) [MizSO, Lemma 30] for 04(^1 ) + Ai - Miztmo label 04(^1 ) + Ai, 

(2) [MizSO, Lemma 13] for £7(03) - Mizimo label De + Ai, 

(3) [MizSO, Lemma 17] for £7(04) - Mizuno label D6(fli) + Ai, 

(4) and [MizSO, Lemma 21(2)] for £7(05) - Mizuno label D6(fl2) + Ai, 

we know the number of G-classes contained in is |Ag(m)|. If O is not £7(a5) then the 
group Aq{u) is abelian so the result follows by Lemma 2.2. 

Assume O is the class £7(^5), by [MizSO, Table 9] we see Ag{u) is isomorphic to 
63 X Z2. Let Z(G) = (z), then z is a generator for the Z2 component of Aq{u). We know 
the action of F on the component group Aq{u) is trivial so we need only show F(x) 7^ xz 
for all x G Aq{u) — Z^. If x is a 3-cycle of Aq{u) then we cannot have F{x) = xz because 
X and xz are of different orders. If x is a 2-cycle such that F{x) — xz then the number of 
F-conjugacy classes of Aq{u) would be less than 6 and this cannot possibly happen. □ 

We now deal with the cases of classical type. Let G be a spin group, (in other words 
a simply connected group of type B„ or D„), and let Ohe a unipotent class of G. Recall 
that to every unipotent class of G we have a corresponding partition A of N, where N is 
the dimension of the spin group, such that any even number in A occurs an even number 
of times. This partition is determined by the Jordan blocks of a corresponding class in 
a special orthogonal group. The non-trivial cases we need to consider occur when the 
partition A contains at least one odd number and any odd number occurs at most once, 
(equivalently these are the classes such that Z(G) embeds into Aq{u)). We assume now 
that O is a class with such a partition. In [LusS4a, §14.3] Lusztig gives a description of 
the component group Ag{u), which we recall here. 

first of all let G be a special orthogonal group such that we have an isogeny tt : G — ?> G. 
Recall that the kernel of this isogeny is a central subgroup of order 2, which we denote 
Ker(7r) = {l,i?}. Every non-trivial element of Z(G) determines a non-trivial element of 
Aq{u), in particular d determines a non-trivial element of Aq{u). Let I := {ai, . . .,aic} be 
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the set of odd numbers occuring in A. We let S be the group generated by the elements 
J?, Xi, . . . , which satisfy the relations 

i?2 = 1 xf = ^M-'^)/^ XiXj = XjXid dxi = Xid 

for all i 7^ The group Ag{u) is then isomorphic to the subgroup of S which consists 
of all elements that can be expressed as a word in an even number of the generators 
Xi, . . . , x^. For the remainder of this discussion we will identify Aq[u) with its image in 
S. For all 2 ^ f ^ A: let y, = xix, then {d,y2, . . ■ ,yk} is a set of generators for Ag(m). 

Consider the image u = tz{u) of w in the special orthogonal group G. The map n 
induces a surjective map Ag{u) Aq{u) with kernel By Proposition 2.4 and 

Lemma 2.2 we know the action of F on Aq{u) must be trivial for any class representative 
u G O^. Therefore given any element x G Ag{u) we have F{x) G {x,xi^}, however we 
always have F(!?) = !?. Any automorphism of Aq{u) is uniquely determined by its action 
on the generators, so we break the study of F into two possible cases: 

(a) F(y/) = y,?? for an even number of y,'s, 

(b) F(yj) = yji? for an odd number of y/s. 

In case (a) we claim that the automorphism is an inner automorphism. We start by 
noticing that if ii, Z2, ji, ji are all distinct then Xi^Xi^ and Xj^Xj^ commute. Let (r^ be the 
automorphism such that cTij^yi) = yid and cry(yy) = yyi? but (^^{yi) = yi whenever 
are all distinct. It is easy to verify that aij is conjugation by x,xy, so is inner. As F must be 
a composition of automorphisms of the form aij we have F is also inner. 

We now consider case (b). Assume G is of type D„ and by composing with a sufficient 
number of inner automorphisms let us assume that F acts non-triviaUy on precisely one 
generator y,. As F acts non-trivially only on y, it will be true that Aq{uY is the subgroup 
(i?,y2, . . .,yi-i,yi^\, . . .,yk), in particular |Ag(m)^| = 2l^l~^. As G is of type D„ we have 

\Ao{uY\/\Aq{u)\ = 2l^l-V2l^l-2 = 2. (2.3) 

We claim that we also have |Z^| =2. By the third paragraph of [Lus08, §3.7(a)] we know 
the centre of Aq{u) is given by {l,d,z,zd} where z is the element Note 
that this means the centre of Ag{u) coincides with the image of Z(G). We have the 
following expression of z in terms of our chosen generating set 

z = xiX2 ■•■Xk = yzys ■ • • i/fci?" 

for some c G {0,1}. Therefore we have F(z) = zt? and F(zi?) = z so = as 
required. 

Assume now G is of type B„ . Recall that A partitions an odd number so /c — 1 is even. 
By composing with a sufficient number of inner automorphisms let us assume that F acts 
on all but one generator non-trivially. Assume y, is the generator such that F{yi) = yi 
then it is easy to check that y^^^' = yjO whenever ^ i and clearly yj^^^' = y^. In particular 
F is an inner automorphism. With this in hand we can prove the following proposition, 
which is vital for extending Theorem 1.1. 
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Proposition 2.8. Assume G is a simple algebraic group then any F-stable unipotent class O of 
G contains a well-chosen representative. 

Proof. If G is adjoint then the existence of well-chosen representatives follows from Propo- 
sition 2.4. For the remaining simple groups one can reduce to showing the existence of 
well-chosen elements in the simply connected groups, hence we assume now G is simply 
connected. 

We have already covered the two trivial cases where | Aq (m) | = | Aq (w) | or | Aq (w) | = 1, 
which covers the case of type A„. If G is an exceptional group then the only cases left to 
consider are those covered by Lemmas 2.6 and 2.7. Assume G is of type C„, then G is 
isomorphic to a symplectic group and the statement was proved as part of the proof of 
Proposition 2.4. 

Assume G is of type B„, or D„ and F is as in (a), and O is such that Z^, = Z(G). In this 
case F is an inner automorphism and the result follows by Lemma 2.3. Finally assume 
G is of type D„ and O is such that Z„ = Z(G). We can assume F is as in (b) then we 
can find an inner automorphism cr of Ac (u) such that Foe acts non-triviaUy on only one 
generator of Aq{u). By Lemma 2.3 we can find an element u' G O such that F acts on 
Aq{u') as F o (t acts on Ag{u). The result then follows by the discussion after (2.3). □ 

3. The Main Result 

Let Q(- be an algebraic closure of the field of £-adic numbers where £ > is a prime 
distinct from p. We assume fixed once and for all an automorphism — )■ of order two 
denoted by x i— )■ x such that cU = co^^ for all roots of unity a; G . If H is a finite group 
we denote by Cent(H) the space of all class functions f : H ^ Q^. This is an inner product 
space with respect to the standard iimer product (— , — )h : Cent(H) x Cent(H) Qi 
given by 

(f'f')H = T^L mm> 

(we will write {—,—) when H is clear from the context). We have a set of irreducible 
characters Irr(H) C Cent(H) which forms an orthonormal basis of Cent(H). If K is a 
subgroup of H then we denote by Res^ : Cent(H) — ^ Cent(K) and Ind^ : Cent(]<C) 
Cent(H) the standard restriction and induction maps. 

From now on representatives of F-stable unipotent classes will be assumed well chosen. 
Before we can state and prove the main result of this paper we must first recall some facts 
regarding the ordinary character theory of G. Let s 6 G* be a semisimple element then we 
denote by £{G, s) the ratiorml Lustzig series determined by the G*-conjugacy class of s. We 
denote by Cg*{s)° the fixed point group Cg*(s)° then this forms a normal subgroup of 
the full centraliser Cg*(s). As such we have the quotient group Ag*{s) := Cg*{s)/Cg*{s)° 
acts on Irr(CG*(s)°) by conjugation. This action stabilises each Lusztig series and we let 
£{Cg*{s)°,1)/ Ag*{s) denote the orbits of the unipotent characters under the action of 
Ag*(s). 
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We remark also that as G is a normal subgroup of G we have a natural action of 
G/G ■ Z{G) on Irr(G) by conjugation. This action stabilises each Lusztig series of G. In 
[Lus88, Proposition 5.1] Lusztig shows there exists a bijection 

: £{G,s) ^ £(Cg*(s)°,1)/Ag*(s) (3.1) 

such that: 

(1) the fibres of Yg are the orbits of the action of G/G • Z(G) on £{G,s); 

(2) if e £ (Cg* is)° ,1) / Aq* (s) is an orbit and T is the stabiliser of an element of © 
in Ag*(s) then |Y7i(e)| = |r|. 

This is a generalisation of the Jordan decomposition of characters. To prove the above 
result Lusztig shows that the restriction of every irreducible character of G to G is multi- 
plicity free. With this framework in mind we can now state and prove the main result of 
this article. 

Theorem 3.1. Assume G is a simple algebraic group and O is an F -stable unipotent class of G. 
There exists a character % G Irr(G) such that ^c,ix) = ^ <^nd = |Ag(m)^| = |Z^||Aq(m)|, 
where u e is a well-chosen representative. 

Proof. If G is an adjoint group then this is merely the statement of Theorem 1.1, so we may 
assume Z(G) is disconnected. We write (s,t/') for a pair such that s e G* is a semisimple 
element, (s := S{s) E G*), and xp E £{Cg*{s)°,1) is a unipotent character. We denote by 
rp E £{G,s) the character uniquely determined by the sequence of bijections 

£{G,s) ^ £(Ce*(s),l) ^ £(Cg*(s)M), (3.2) 

where the first bijection comes from the usual Jordan decomposition of characters and 
the last bijection comes from [DM91, Proposition 13.20]. 

Let us assume that (s, j^) is a pair which satisfies the following properties: 

(PI) n^ = \AQ{u)\. 

(P2) |Stab^^,(,)(t/i)| = |Z^|. 

(P3) Og(i/j) = O, where here we identify O with its image i{0) in G. 

By the Jordan decomposition of characters the character degree of ip satisfies tp{l) = 
t/7ss(l)i^(l), where i/^ss ^ £{G,s) is the unique semisimple character contained in the 
Lusztig series. By [Car93, Theorem 8.4.8] we have ipssi^) = [G* : CG*(s)]p/, in particular it 
is an integer and will not contribute to the value of hence = n^ = \AQ{ii) \ by (PI). 

Using the multiplicity free property mentioned above we have ResG('/') = Xx'^ ^ X.k> 

where Xi ^ £{G,s) and Xi{'^) = I Stab^^^(s)(i/;)|~^j/;(l). For any 1 ^ / ^ A: we have by (P2) 
that 

%/ = |Stab^^,(s)(i/^)| -n^ = \Zl\\A(^{u)\ = \Ag{u)\. 

By (P3) and [GMOO, Theorem 3.7] we know O is the unipotent support of each Xi hence 
any Xi will satisfy the statement of the thereom. □ 
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Our proof of Theorem 3.1 will be complete once we have verified the following propo- 
sition. 

Proposition 3.2. For every simple algebraic group G with a disconnected centre and every F- 

stable unipotent class OofG there exists a pair {s,{p), (as specified in the proof of Theorem 3.1), 
satisfying (PI) to (P3). Furthemore s can be chosen such that the image of s under an adjoint 
quotient of G* is a quasi-isolated semisimple element. Let T C £^(Cg*(s)°, 1) be the family of 
unipotent characters containing ip then the following condition holds, unless G is a spin I half 
spin group and Ag(m) is non-abelian: 

lixeJ'] |Stab^^,(,)p.(;^)| \Z',\}\ = 0. (*) 

We will see that (Jjfc) will be used in applications below. The detailed case by case verifi- 
cation of Proposition 3.2 forms the main content of the authors PhD thesis, (see [Tayl2, 
Chapters 3 - 6]). The techniques used are those described in [GH08, §2] together with Clif- 
ford theory. It should be noted that the verification of Proposition 3.2 relies extensively 
on the results of Bonnafe in [Bon05] and Lusztig in [Lus09]. 

4. Generalised Gelfand-Graev Representations 

Following [GH08] we will use the result of Theorem 3.1 to prove Kawanaka's conjecture 
holds for most simple groups G with a disconnected centre. Firstly let us recall that in 
[Kaw86, §3.1] Kawanaka associates to every unipotent element w e G a GGGR which we 
denote r„. This is a complex representation of G whose construction depends only on the 
G-conjugacy class of u. Furthermore, these representations are such that Fi is the regular 
representation, (where 1 6 G is the identity), and r„ is a Gelfand-Graev representation if 
M is a regular unipotent element. 

If F„ is a GGGR of G then we will write 7„ for the character of G admitted by F„ and we 
use the term GGGR to refer to both F„ and 7„. We can now state Kawanaka's conjecture. 

Conjecture 4.1 (Kawanaka, [Kaw85, 3.3.1]). Let G be a connected reductive algebraic group 
and p a good prime for G. Let ui,...,Ur be representatives for the unipotent conjugacy classes of 
G, then the set {7„. | 1 ^ z ^ r} forms a Z-basisfor the L-module of all unipotently supported 
virtual characters of G. 

If G is connected reductive with a connected centre and simple quotient G/Z(G) then, 
under the assumption that p, q are large enough, this was proved by Geek and Hezard in 
[GH08, Theorem 4.5]. Here p, q large enough means that the results of [Lus92] are true. 
We will now assume that p, q are large enough so that we may use the results of [GH08]. 

For the following discussion of GGGRs to make sense we must first make some choices. 
We fix an F-stable Borel subgroup B < G which contains an F-stable maximal torus 
T ^ G. We define B := B n G and T := T n G then these are similarly such groups for G. 
Let U be the common unipotent radical of both B and B then B = T k U and B = T k U. 
We denote the fixed points of B, (resp. T, B, T, U), under the Frobenius endomorphism 
by B, (resp. f, B, T, U). Our GGGRs are then defined with respect to these choices. 
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Remark 4.2. By [Gec04, Remark 2.2] we know class representatives for all unipotent classes 
of G may be found in U hence we assume this to be the case from this point forward. 
This means we may also assume that our well-chosen representatives lie in U, as any 
G-conjugate of a well-chosen representative is well chosen. 

When Z(G) is disconnected we will want to relate the GGGRs of G to the GGGRs of 
G. If M G G is a unipotent element then u is also a unipotent element of G. We will 
denote the GGGR of G associated to u by 7„ and the GGGR of G associated to m by 7„. 
With this in mind we have the following observation, which follows immediately from 
the construction of GGGRs. 

Lemma 4.3. Let O be a G-conjugacy class of unipotent elements and {u/} C O a collection of 
class representatives for the G-conjugacy classes contained in O r\G, then = Indg(7„;) for 
each i. 

We will need another observation regarding the natural conjugation action of G on a 
GGGR. The group G is the product T • G, therefore we may assume that any left transver- 
sal of G in G is contained in f. In particular, if ;\; is a complex class function of G then for 
any g G G there exists t E f such that = 7^ i (where K^{x) = for all x G G). 

With this notation we have the following result. 

Proposition 4.4 (Geek, [Gec93, Proposition 2.2]). For any unipotent element u G U and any 
t gT we have 7^, = 7f„f-i. 

5. The Case of Abelian Component Groups 

To prove Kawanaka's conjecture we will follow the same line of argument as in [GH08, 
§4]. In particular the focus will be on the following observation. 

Lemma 5.1 (Geck-Hezard, [GH08, Lemma 4.2]). Let ui,...,Ud he representatives for the 

unipotent conjugacy classes of G. Assume that there exist virtual characters xi, ■ ■ ■ ,Xd of G such 
that the matrix of scalar products {{Xitlu^G)i^i,j^d invertible over Z, then Conjecture 4.1 
holds. 

We will start by proving a result which is crucial in dealing with almost all cases. Let 
Dc : Cent(G) — > Cent(G) denote the Curtis-Alvis duality map. It is known that Dq 
is an isometry of Cent(G) and Dq o Dq is the identity, (see for example [DM91, §8]). 
Hence, for any irreducible character x ^ Irr(G) there exists a sign G {1, —1} such that 
e^Dcix) € Irr(G). For any x we denote e^Dcix) by X*- 

We will need the following lemma which follows from the definition of Curtis-Alvis 
duality and the results contains in [Bon06, Proposition 10.10]. 

Lemma 5.2. For any connected reductive algebraic group G with a disconnected centre we have 

Resg oDg = Dg o Res^ . 
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Corollary 5.3. Let e Irr(G) and Xi £ Irr(G) he such that 

Resg(;^) =Xi + ---+Xk, 
then £^ = exifor dl 1 ^ i ^ k. In particular Resc(x*) = A^i + " • " + /C^ 
Proof. We know exDQ{x) € Irr(G), in particular it is a character of G. This means 

Resg(r ) = e;c(Resg oDc)ix) = ^xi^c o Res^^x) = ex^cixi) + ■■■+ ^x^ciXk)- 

is a character of G, where the second equality is obtained by Lemma 5.2. As it is a 
character all coefficients of irreducible constituents must be positive, therefore we cannot 
have e^for any 1 ^k. The final statement is clear by definition. □ 

We temporarily fix the following notation. If O is an f -stable unipotent class of G then 
we denote by Oi, for 1 ^ i ^ d, the G-classes such that = (5i U ■ • • U O^. For each 
Oi we write Oj^j, for 1 ^ ^ ki (where ki is a number depending upon the class Oj), for 
the G-classes such that (3,- n G = Oi^i U • • • U 0;,^;. Finally we fix G-class representatives 
Mg- G for each 1 ^ d and 1 ^ ^ A;,. 

Proposition 5.4. Let O he an F-stahle unipotent class of C and assume Aq{u) is abelian. Let 
{s,-ip) be the pair prescribed by Proposition 3.2, then there exist irreducible characters Xi,j ^ 
£{G,s) such that {x*jr7ux,y) = ^i,x^i,yrfor 1 ^i,x ^ d and 1 ^ ;,y ^ (here denotes the 
Kronecker delta). Furthermore kj = \Z^\for all i. 

Proof. Recall that ii G is a class representative such that Aq(m)^ = The G- 

classes in are in bijection with the F-conjugacy classes in Aq (m), therefore d = \Aq (m) | 
by [Bon06, Exemple 1.1]. Let T C £{G,s) be the family of characters which, under the 
map in (3.2) is in bijection with the family of characters containing ip. 

By [GH08, Proposition 4.3], which we can use as (PI) and (P3) hold, there exist irre- 
ducible characters Xi,!^ ■ ■ ■ fXd,i ^ ^ such that {Xn^Ju^i) = ^i,x for all 1 ^ i,x ^ d. Using 
Lemma 4.3 followed by Frobenius reciprocity we see 

kx = ixlviujc = {xliMdG{lu,,,))G = (Resg(x*i),7«.,i)G- 

As Ag{u) is abelian we know (X) holds, in particular using Corollary 5.3 we know the 
restriction has the following decomposition into irreducible characters 

Resg(;ea) = Xh + • • • +4|z£| ^ kx = LixlrluJ. 

7=1 

Without loss of generality we may assume the labelling to be such that (xij, Ju^i) = kx^j,i- 
We will write Stabg (xn ) stabiliser of x*i in G under the natural conjugation action 

of G on Irr(G). By Clifford theory and the remark before Proposition 4.4 there exists a set 
{f/ 1, . . . , ^,;|zf I } ^ T"/ (which can be completed to form a left transversal of Stabg(;^*^) in 
G), such that Xij '■= Xii''' satisfies the condition Xij = Xik only if ; = k. We assume 

for convenience that i is the identity for all i. As conjugation by elements of G is an 
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isometry of the space of all class functions 

We claim that if /, k are distinct indices then we cannot have ti^j{ux,i)tj^ and ii,k{ux,i)tj^ 

are in the same G-class. If they were in the same G-class then we would have j = 'yuli 
by Proposition 4.4, which would mean 

However of all the components of R.es'^{x'ii) ority Xn satisfies this property. So Xn = 
^ which would im.ply ^ have the same image in the quotient G/ Stabg(;\;*j) 

but this is a contradiction. 

This argument shows that there are at least |Z^| conjugacy classes contained in Oi n G 
for each 1 ^ z ^ rf, in other words |Z^| ^ /Cj. Conversely this clearly gives un an inequality 

\Ag{uY\ = |Z^||Ag(m)| = d\Zl\ ^ f^ki = lAciuYl 

i=l 

so we must have /c; = |Z^| for all i. By this argument we may now redefine our class 
representatives to be such that, for all 1 ^ x ^ and 1 ^ y ^ we have Ux,y := 

tx,yUx,it~^- With all this in mind the statement of the proposition is now simple. Indeed 
we first see that 

but it is clear that {x*i'''^'''K^esQ{x^^)) = 1, which tells us the above inner product is 

imless i = x. Now assume i = x then (xji '■' ''^ ,7uii) = 1 if and only if Xn ''' ~ Xiv 
which is true if and only if = y so we're done. □ 

For convenience we restate the above proposition with slightly less cumbersome nota- 
tion. 

Corollary 5.5. Let O be an F-stable unipotent class of G and assume Ag{u) is abelian. Let 
d' := |Ag(u)^| and denote by Oi the G-classes such that = Oi\J ■ • ■ \J O^i, furthermore let 

Ui G Oi denote a class representative. Consider the pair {s,{p) prescribed by Proposition 3.2 then 
there exist irreducible characters Xi £ £{G,s) such that {Xi^luj) = ^i.jffor all 1 ^ ^ d' . 

Remark 5.6. Let us relax the condition that Aq{u) is abelian in the above result but instead 
assume Aq{ii) is abelian. In particular let G be a spin / half spin group and u be such that 
Zm = Z(G) then we are in the following situation. The family T described in the proof 
of Proposition 5.4 has order m^, where m is a power of 2. The group Aq{U) is abelian 
so we may use [GH08, Proposition 4.3], as in the above proof, to obtain m characters in 
F satisfying the inner product condition. In this situation (X) fails and in fact there are 
only m characters in T whose restriction to G contains the correct number of irreducible 
constituents. The problem is that it is not clear that the characters provided by the result 
of Geek and Hezard coincide with the characters which have the correct restriction from 
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G to G. This is the key obstruction to showing Kawanaka's conjecture holds for spin / 
half spin groups. 

One way to fix this problem would be to make sure that the character sheaves used in 
the proof of [GH08, Corollary 3.5] can be chosen to have the same labelling as the irre- 
ducible characters in f whose restriction to G is not irreducible. The author considered 
this in the case where G is a spin group of type B„ by trying to adapt the explicit results 
obtained in [Lus86]. However it seems that trying to understand the correspondence 
between the two labellings is significantly complicated. 

6. Kawanaka's Conjecture 

The result in the previous section will be crucial in determining Kawanaka's conjecture 
when G is of classical type. If G is of exceptional type and Z(G) is disconnected then we 
must have G is of type Ee or E7. In these groups there are only three classes such that 
Ag(m) is non-abelian and they are all such that Aq(m) = 63. Assume O is one of these 
three classes and (s, ip) is the pair prescribed by Proposition 3.2. 

Write Ox, O2 and O3 for the G-classes such that C>^ = (5i U (92 U O3 and fix representa- 
tives Uj G Oi n G. The matrix of multiplicities between the irreducible characters in £{G, s) 
and the Curtis-Alvis duals of the characters of the GGGRs is given in [Gec99, Proposition 
6.7]. Using this table we see that there exist three characters xi^ Xi, X3 ^ Irr(G) such that 
(Dg(;^,),7„.) = {xi, Dg(7„.)) = Sij. In particular £x = X ^ £{G,s), which means 
{Xi,7uj) = Of two of the three classes we have = Aq{u). If this is the case then 

Oi := n G is a single G-class and O^ = 0i U O2 U ©3. Let u, G Oi denote a G-class 
representative then as holds we know Xi '•= ^^^ciXi) is irreducible. In particular for 
each 1 ^ ^ 3 we have {Xi,7uj) = 

For the remaining class we have |Ag(w)| = 2|Aq(m)|. The number of F-conjugacy 
classes in Aq(u) is equal to 6 = |i4G(M)^|. We know (X) holds for this class, so for each 
1 ^ z ^ 3 we have ResQ(^i) = Xi,i Xi,2 where Xi,i € Irr(G). Using the techniques in 
the proof of Proposition 5.4 it is easy to see that each of the three G-classes Oj is such 
that of n G = Oi^i U 0, 2/ where Oj^j is a G-class for 1 ^ ; ^ 2. Let us choose class 
representatives Ux,y G Ox,y for each 1 ^ x ^ 3 and 1^1/^2 then the following relation 
holds {x*ij'lu^,,^ = ^i,x^j,y In particular we have the following corollary. 

Corollary 6.1. Let O he an F-stable unipotent class ofG and assume Aq{u) = ©3. Let us write 
Oi,for 1 ^ d' for the G-classes such that = Ci U ■ • ■ U O^' and let Ui G C,- denote a class 
representative. Consider the pair {s, ip) prescribed by Proposition 3.2 then there exist irreducible 
characters Xi € £{G,s) such that (Xi/luj) = ^ijfor all 1 ^ i,] ^ d' . 

We have now gathered all the preliminary information that we need to prove the fol- 
lowing theorem. 

Theorem 6.2. Assume p, c\ are large enough and G is a simple algebraic group, which is not a 
spin or half -spin group, then Conjecture 4.1 holds. 
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Proof. If G is adjoint then this is just the result obtained by Geek and Hezard. One sees 
that the proof given by Geek and Hezard in [GH08, Theorem 4.5] works unchanged in 
these new cases so we do not reproduce it here. The extra information needed to make 
the proof work is that given by Proposition 3.2 and Corollaries 5.5 and 6.1. □ 

Remark 6.3. In [GH08, Proposition 4.6] Geek and Hezard give a characterisation of GGGRs 
in terms of character values. This characterisation follows as a formal consequence of 
Kawanaka's conjecture, so this now also holds for all simple groups which are not a spin 
/ half spin group. 



7. GGGRs AND Fourth Roots of Unity 

In this section we would like to use Theorem 3.1 together with the techniques of [Gec99, 
§3] to compute certain fourth roots of unity that arise in connection to GGGRs. We begin 
by recalling the setup of [Gec99]. Let A/g denote the set of all pairs i = {Oi,ipi), where 
Oi is a unipotent conjugacy class of G and ipi G Irr(AG(M)) for u G C,. We say a pair i 
is f-stable if F{Oi) = Oi and ipioF = ^i. Here we implicitly assume m G so that F 
induces an automorphism of Aq{u). We denote the subset of f-stable pairs by Aq C Ag- 

Assume now that i is an F-stable pair. As xpi is invariant under the action of F we 
may extend xpi to a character of the semidirect product Aq{u) xi {F), where F acts as a 
cyclic group of automorphisms. Let xpi be a fixed choice of such an extension. For each 
X G Aq{u) we write Ux for an element of Of obtained by twisting u with the element 
X G Ag(m). We then define 

y (-^-j _ i^'i^^) ^ig = Ux for some x G Ag{u), 
[0 otherwise 

for all ^ G G. The function Y; is a G-class function and the set 3^ = {Y; | < G A/'q} forms a 
basis for the space of all unipotently supported class functions of G. 

Let I G A/'q be an F-stable pair and let ui, . . . , G Of be class representatives for the 
G-classes contained in Of. We define, as in [Lus92, 7.5], for any pair i G Aq the G-class 
function 

d 

li = E[^G(Mr) : AG{Urf\Yi{Ur)lur- 

i-=l 

The set A' = {7( I i G A/'q} is then also a basis for the space of all unipotently supported 
class functions of G. 

Recall that in [Lus84a] Lusztig has associated to every pair i G Ag a imique pair (L,, y,), 
up to G conjugacy, where L, is a Levi subgroup of G and u, G A/'l, is a cuspidal pair. This 
is known as the generalised Springer correspondence. Lusztig has shown that we have a 
disjoint union 

A/b = U ^(L.f) where ^(L,i;) = g A/g I (L„uJ = (L,i;)}. 

(L,i;) 
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We call J^(L, v) a block of Ag- A pair / G A/g is a cuspidal pair if and only if it lies in a 
block of size 1. To each pair l G Ag we also assign the following value 

bi = ^(dimG-dima-dimZ(L,)°). 

In [Lus92, Theorem 7.3] Lusztig explicitly constructs the change of basis from A" to y. 
The expression of the function 7, G A* in terms of elements of 3^ involves an unknown 
fourth root of unity This root of imity is defined in [Lus92, Proposition 7.2] and it is 
shown there that ^, = whenever l, l' belong to the same block. Following [Lus92, 8.4] 
to each l we define 61 = (_ i)rank(L,/z(L,)) gj-,^^ ^/ _ ^j^^-i. As 5i and ^, only depend on the 
block containing i the same must be true for [,[. Moreover we have the following more 
precise statement. 

Lemma 7.1 (Lusztig, [Lus92, Proposition 7.2]). Let J^(L, v) be a block of Mg and assume that 
V G Al- If^'v is the fourth root of unity associated to v in L^ then ^[ = all i G y{L,v). 

There is one extreme case where we always know the value If L, is a maximal torus 
then from the definitions it is clear that ^[ = 1. The results of [Gec99] are based on the 
following two axioms, (these are known to be true when p and q are sufficiently large). 

(Al) Let 1,1' e A"^ be such that O, = 0,i then (Dg(7()/^(') = |>iG(w)|^t'V/ where 6,^^l 

denotes the Kronecker delta. 
(A2) If DG(7i)(x) 7^ for some x G G then {x) ^ Oi where {x) is the G-conjugacy class 

containing x. 

As we will use the work of Geek we will also take these as axioms upon which our ar- 
guments are built. Our main focus in this section is to show that using Theorem 3.1 
statements similar to [Gec99, Theorem 3.8] can be made for symplectic and special or- 
thogonal groups. To do this we need the following easy extensions of results of Geek. 

Proposition 7.2. Let O be an F-stable unipotent class ofG and consider the pair (s, ip) prescribed 
by Proposition 3.2. Let d' , (resp. d), be the number of G, (resp. G), conjugacy classes contained in 
. There exists a character x £ £{G,s) and an index 1 ^ x ^ d such that 

\7 I 

k!C> luy) = 5x,y and {x*> 7<) = ' ^'("^)' 
for all I G A"^ with = O. 

Proof. The proof of this result is similar in nature to that of Proposition 5.4. Let us 
adopt the notational conventions introduced immediately before Proposition 5.4. Let 
X G S{G,s) be the character corresponding to ip under the bijection in (3.2), then by 
[Gec99, Proposition 3.1] there exists an index 1 ^ x ^ d' such that (x*/7«y)G ~ ^x,y for all 
l^y^d'. 
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Using the same argument as in Proposition 5.4 we see there is a unique irreducible 
constituent x in Res§(;^) satisfying (;\;*, 7„j,)g = for aU 1 ^ y ^ d. By [Gec99, 2.8(b)] 

, |Ag(w)| _ / * \ I^g(w)| 

^7(ai)) = ^ (X ,7(ai)> = = W\- 

From the definition of 7, we conclude 

because x only has non-zero multiplicity in 7„^. □ 

Corollary 7.3. Lef ;^ anrf x he as in Proposition 7.2. Let u G be a class representative and 
assume either Ag{u) is abelian or Aq{u) is non-abelian and Aq{uY = Aq{u) then 

ex-Xiu) = j^^l^^f j (7.1) 

where the sum is taken over all i e with Oi = O. In particular the expression on the right 
hand side is an algebraic integer. 

Proof. Using Proposition 7.2 the proof is identical to that of [Gec99, Corollary 3.2]. □ 

This corollary is the key ingredient for our argument. It provides a divisibility criterion 
for the fourth root of imity ^' in the ring of algebraic integers, which will lead to a 
divisibility criterion in Z. 



8. The Special Orthogonal and Symplectic Groups 

We want to adapt the argument of [Gec99, Theorem 3.8] to symplectic groups and 
even dimensional special orthogonal groups. Recall that we assume p is a good prime, 
in particular p 7^ 2. Our computation of the fourth root of unity will use a result of 
Digne-Lehrer-Michel using Gauss sums which depends upon two choices, the first being 
a choice of primitive fourth root of unity in Q(?. Following [Bon06, §1.B] we fix an injective 
homomorphism of groups ^ : Q/Z — )■ and denote by ^ : Q — ^ Q^^ the composition 
of cp with the natural quotient map Q Q/Z; we have Ker((p) = Z. We now define ; to 
be ^(1/4), which is a primitive fourth root of unity in Q^. 

The second choice we need to make is of a square root of p in Q^, which we will now 
do following [Bon06, §36]. We fix a non-trivial additive character xi '■ ^ "2^ 
denote by Xs '■ — > the additive character Xs = Xi° Trs where Trg : Fps — > Fp is 
the field trace. We denote by 9s : F^s — > the unique linear character of degree 2 and 
define the associated Gauss sum to be 
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Group 


Condition 


Partition 


I^g(w)| 


SP2„ 


n = IH \-k 


{2A,6,...,2k) 




S02„ 


n = 2k^ 


{1,3,5,... Ak-1) 


22fc-l 



Table 1. Conditions for the existence of cuspidal pairs. 



We denote by p^'^ our fixed square root of p in Q^, which is chosen in the following way 




Gi{ei) iip = l (mod 4), 
i~^Gi{ei) Hp = 3 (mod 4). 



Now given any a G Z we denote by p"^^ the term (p^^-^)". 

In Table 1 we have listed the conditions for the existence of a cuspidal pair in special 
orthogonal and symplectic groups. This information has been adapted from [Lus84a] 
and we see that in any given case there is only one cuspidal pair. The argument we will 
employ is based on induction and for this to work we will need to know where is 
the unique cuspidal pair of G = SL2(Fp) and G = SL2{q). However this can be deduced 
from a result of Digne, Lehrer and Michel. 

Lemma 8.1 (Digne-Lehrer-Michel). Assume G = SL2(Fp) where p 7^ 2 and G = SLjiq) 
with q = p". Let iq he the unique cuspidal pair ofG then 

^ ({-ly ifp = l (mod 4), 
\{-jy ifp^-l (mod 4). 

Proof. Taking n = e = 2 in [DLM97, Proposition 2.8] and using [Bon06, 36.3] for the 
computation of the Gauss sum Qs{6s) we have 

_J(-l)«-i ifp = l (mod 4), 
~ \ (-1)"-^ if p = -1 (mod 4). 

As 5ig = —1 the statement clearly follows by the definition of □ 

Remark 8.2. It should be noted that the statement of [DLM97, Proposition 2.8] depends 
upon the validity of (Al). However as the full character table of SL2{q) is known, this 
could be computed without this result. 

We now turn to the final piece of information we will need regarding the symplectic 
groups, which involves a simple counting argument. Let € A/g be a cuspidal pair then 
we define = e A/"^ | 0, = O^J. 

Lemma 8.3. Let G = Sp2„(Fp) and assume n = 1 + 2 + ■ ■ ■ + k, for some k ^ 1. Under this 
assumption there exists a unique cuspidal pair iq in A/g- In this situation we have 

\{i G I m; is even}\ = |{' G | m, is odd}\ = 2^^^, 
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where rui = rank(L(/Z(L()) = rank(L() — dim(Z(L,)°). 

Proof. By [Lus84a, 11.6.1] the elements of X,g are parameterised by certain unordered pairs 
(A, B), where A is a finite subset of Z^o arid B is a finite subset of Z^i such that | A| + |B| 
is odd. Specifically we have the following, which follows as a consequence of [Lus84a, 
Corollary 12.4]. 

Let dig = —k if k is odd and /c + 1 if is even then di^ is an odd number satisfying 
n = jdig{dig ~ !)• If is even we have a bijection l ^ {A^, B,) between X,g and the set of 
all symbols (A„ B,) satisfying 

(1) A, C{0,2,4,...,2d,„-2}, 

(2) B,C{2,4,...,2di,-2}, 

(3) A, n B, = and A, U B, = {0,2,4, . . . ,2d,„ - 2}. 

In particular this bijection is such that Iq ({0, 2,4 . . . ,2dig — 2},0). If k is odd we again 
have a bijection i i— > (A„ B,) between X^g and the set of all symbols (A;, B,) satisfying 

(1) A„B, C {1,3,5,..., l-2(d,„ + l)}, 

(2) A,nB, = 0and A,UB, = {l,3,5,...,l-2(tf,Q + l)}. 

In particular this bijection is such lq i— )> (0, {1,3,5, 1 — 2(d,Q + 1)}). We define the 
defect of a pair (A,, Bj) to be the value d, := | A,| — |B,|. In both cases we have (Ajp, B,o) is 
the unique symbol of defect dj^ . 

The defect of a symbol is important as it is related to the value m, in the following way. 
For each i G X,g let /c, be rf, — 1 if i^, ^ 1 and — rfj if rf, ^ — 1, note that = k. The rank 
is then given by 

m = -fc,(fc, + l). 

We can now consider the number of pairs l G X,g which are such that m, is even and the 
number of pairs which are such that m, is odd. Assume /c, = ly^ is even then it is not 
difficult to see that m, = i/, (mod 2). Similarly if A:, = 2i/( + 1 then = y, + 1 (mod 2). 

Assume k = 2y is even then for each < x ^ there are precisely (^) subsets B, C 
{2, 4, ... , 2d,p — 2} such that | B, | = x. If x ^ y then the symbols ( A„ B,) associated to these 
subsets all have defect d, = k + 1 — 2x = 2(y — x) + l ^ 1. Similarly if x > y then the 
symbols have defect d^ = 2x — {k — 1) = 2(x — y) + 1 ^ —1. By the above we always have 
Ml = y — X (mod 2). The result then follows from the following basic fact of binomial 
coefficients 

X even V^/ x odd z=0 V ^ / 

Assume = 2y + 1 is odd then for each ^ x ^ k there are precisely (^) subsets 
A, C {1,3, ...,1 — 2{dig + 1)} such that |A,| = x. The symbols (A„B,) associated to 
these subsets all have defect di = 2x — k = 2{x — y) — 1. By the above we always have 
nil = y — X + 1 (mod 2). The result again follows from (8.1). □ 

Remark 8.4. It should be noted that some of the statements of [Lus84a, Corollary 12.4] 
are not quite correct. In particular the description of the symbol corresponding to the 
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cuspidal pair in the case k is odd. This was corrected by Shoji in [Sho97, Remark 5.8] 
and we have used the corrected statement above. Finally we know [Lus84a, Corollary 
12.4(c)] is correct by the remark at the end of [GMOO, §2.B], where the work of Shoji is 
also referenced. This is all we have used from this reference. 

We are now in a state where we may prove the final result of this paper. The following 
fourth roots of unity were computed by Waldspurger for symplectic / special orthogonal 
groups in [Wal04]. This result merely gives an alternative description and proof of these 
values. 

Theorem 8.5. Assume G„ is Sp2„(Fp) or S02n(]Fp) and, if such a pair exists, let iq he the unique 
cuspidal pair in A/g„- ^-^t e € {±1} he such that p = e (mod 4), then we have 



an , f. , 

£"2" if n IS even, 

(—1)"" if n is odd and e = 1, 
(—;■)"" ifn is odd and e = —1. 

Proof. The proof of this statement is an adaptation of the proof of [Gec99, Theorem 3.8], 
which is a proof by induction on n. The proof is identical for the case of special orthogonal 
groups but requires slightly more work for the case of symplectic groups. Note we will 
let k be the appropriate value as described in Table 1. If n = then G„ is a torus and the 
formula is trivially true. If n — 1 then G„ — Sp2(Fp) = SL2(Fp) and we can see that the 
formula coincides with that given by Lemma 8.1. If n = 2 then G„ = S04(Fp) and the 
simply connected covering Ggc of G„ is isomorphic to SL2(Fp) x SL2(Fp). By [Lus84a, 
§10.1] iQ is the image of the direct product fo x vq, where fo is the unique cuspidal pair of 
SL2(Fp). There are two possible rational structures on Ggc, either Gf^, = SL2{q) x SLzi^q) 
or Gfj = SL2{q^). However, in both cases we have ^[^ = (C'vg)^ and by Lemma 8.1 we can 
see the formula is valid. 

Now we assume that n ^ 3 and the statement is true for all Gm with m < n. If 
L e X(|3 then by [Lus84a, §10.4 and §10.6] we have L,/Z(L,)° is isomorphic to Gm^ for 
some ^ n. Let N be the number of positive roots of G then as rank G = rank L, for all 
L we can express in the following way 

bi = ^ (dim G - dim O, - dim Z(L()°), 
= ^(2N + rankG-dima-dimZ(L,)°), 
= ^(2N - dimO,) + ^(rankL, - dimZ(L,)°), 

fft 

= dim25„ + y, 

where we have used the dimension formula given in [Car93, Theorem 5.10.1] to obtain 
the last equality. 

We now consider the criterion given to us from Corollary 7.3. Recall that m is a well- 
chosen element of a symplectic or special orthogonal group, so in particular Ag(w)^ = 
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Aq{u). Furthermore the component group Aq{u) is abelian which means = 1 for 
all L. Using the information we have gathered we may rewrite the sum in Corollary 7.3 in 
the following way 

The statement of Corollary 7.3 says that \Ag{u) \ divides the expression on the right hand 
side in the ring of algebraic integers. The order of the component group is a power of 2, 
therefore as is a power of an odd prime we must have 

|Ag(u)| divides E Cp"^ (8-2) 

in the ring of algebraic integers. As n ^ 3 we have \ Aq (w) | ^ 4 so 4 divides the expression 
on the right which means we may consider the expression modulo 4. However we must 
be careful only to reduce integer powers of p modulo 4 and never rational powers. 

We wish to consider the possibilities for the terms in the sum modulo 4. Let us assume 
f e \ {fo} then reducing only integer powers of p modulo 4 we see 



1 (mod 4) if nil is even, 

{—lYpi (mod 4) if is odd and e = 1, 
{—jYpi (mod 4) if is odd and e = —1. 

Let us assume — S02n(IFp). From Table 1 we see tyIi is even for all l € X;q then (8.2) 
tells us 

4 divides ^[^pT - 1 (8.3) 

in the ring of algebraic integers. Multiplying the term on the right by the same term with 
— exchanged by + we have 

4 divides {^[^fp"''-!. 

All the terms on the right are integers so we must have 4 divides this term in Z. In other 

words (^;jV"" -1 = (mod 4) {^'J^ = 1 (mod 4) as n is even, hence ^[^ = ±1. 
Returning to (8.3) we see that all the values in the expression are integers, so it must be 
true that 4 divides this term in Z. In particular Cig^^ = 1 (mod 4), which provides the 
desired formula. 

Now assume G„ = Sp2„(Fp). Using Lemma 8.3 we have the sum in (8.2) can be 
expressed as 

r'„f+ V ./^HH. ^ ('^,>^ + (2*^-1 -l)+2*^-i^«pf ifniseven, 

..x^\M ICp-+2^-^ + (2^-^-1)<P^ ifnisodd. 

where rj = — 1 or — j depending upon the congruence of p modulo 4. We would like 
to eliminate the rational powers of p. Assume for the moment that k > 2 then 4 divides 
2*^~^, so we may simplify extensively the expressions in (8.4). Let us consider the following 
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products 

(c^p^ -i)(c;oP^ +1) (cioP^ +'/ p') 

where the left comes from the case n is even and the right comes from the case n is 
odd. By (8.2) and (8.4) we have 4 divides these products in the ring of algebraic integers. 
Expanding the brackets we see all terms in the expression are in Z, hence 4 must divide 
these expressions in Z. Reducing modulo 4 we get (^'J-^p"" — 1 = (mod 4), (because 
ff- = £ and e^p" = 1 (mod 4)), in particular = e"" (mod 4). 

If n is even then the argument is identical to the above argument for S02«(Fp). There- 
fore let us assume n is odd, then {^i^Y = (mod 4) hence = it)/'' where ?7 is as in 
(8.4). Returning to (8.2) and (8.4) we see 

4 divides G(oP^ — // 

in the ring of algebraic integers. Assume n = 2x + l then we have p^ = p^^pi = e^^pi 
(mod 4). This implies 

4 divides (^j'/"'' - Op^ 
in the ring of algebraic integers. Assume for a contradiction that = — e«^jy« then this 
says 4 divides —Irj'^pi in the ring of algebraic integers. In particular there exists an 
algebraic integer y such that Irj^pi = 4:y ^ i]''pi = 2y. Squaring this expression we see 
fj^p" = 4y2 ^2flpfl ^ ^ 2 divides the right hand side we must have 2 divides 

p" inX but this is impossible as p is odd. Therefore ^'^ = e^^rj" and the result follows by 
noticing = rj^'^^t]" = e"^?/". 

To finish the proof we must deal with the case where A: = 2, in other words n = 3 and 
G„ = Spg(Fp). In this case 2^^"^ = 2, so returning to (8.4) we see 

Again we consider the product 

(cy-^ + 2 + 7«p^)(c;oP^ - 2 - <p^) = iov" - 4 - vp^ - v^Y- 

Reducing this modulo 4 we see (Ci'o)^ = (mod 4), hence = ±;/" as before. Again we 
write n = 2x + l then returning to (8.5) and reducing modulo 4 we have 

4 divides 2 + (^^'/"'^ + ?/«)p2 

in the ring of algebraic integers. If ^[^ = —e'^^rj" then the above statement says 4 divides 2 
in the ring of integers, a contradiction. Hence we must have ^[^ = e'^^t]'^ and as above this 
is as required. □ 

One would hope that the above argument may work for other simple groups with a 
disconnected centre, unfortunately this is not the case. For example when G is a spin 
group the degree of is a power of 2, where is the cuspidal pair not coming from 
the generalised Springer correspondence of the corresponding special orthogonal group. 
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In particular when we reduce modulo 4 in the above argument the term containing the 
imknown fourth root of unity will become zero. 
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